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Abstract. Stochastic (or probabilistic) programming is an optimization tech-
nique in which the constraints and/or the objective function of an optimization
problem contains random variables. The mathematical models of these prob-
lems may follow any particular probability distribution for model coefficients.
The objective here is to determine the proper values for model parameters in-
fluenced by random events. In this study, Differential Evolution (DE) and its
two recent variants LDE1 and LDE2 are presented for solving multi objective
linear stochastic programming (MOSLP) problems, having several conflicting
objectives. The numerical results obtained by DE and its variants are compared
with the available results from where it is observed that the DE and its variants
significantly improve the quality of solution of the given considered problem in
comparison with the quoted results in the literature.
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1 Introduction

Stochastic programming (SP) is a mathematical programming where stochastic ele-
ment is present in the data. In contrast to deterministic mathematical programming
where the data (coefficients) are known numbers in stochastic programming these
numbers follow a probability distribution. Thus we can say that SP is a framework for
modeling optimization problems that involve uncertainty. The goal here is to find
some policy that is feasible for all (or almost all) the possible data instances and
maximizes the expectation of some function of the decisions and the random vari-
ables. More generally, such models are formulated, solved analytically or numeri-
cally, and analyzed in order to provide useful information to a decision-maker.

In the recent past, SP has been applied to the problems having multiple, conflicting
and non-commensurable objectives where generally there does not exist a single solu-
tion which can optimize all the objectives. Several methods for solving Multi-
Objective Stochastic Linear Programming (MOSLP) problems and their applications
to various fields are available in literature [1] — [7]. Most of the probabilistic models
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assume normal distribution for model coefficients. Sahoo and Biswal [8] presented
some deterministic equivalents for the probabilistic problem involving normal and
log-normal random variables for joint constraints. Charles et al. [9] addressed differ-
ent forms of distributions like Power Function distribution, Pareto distribution, Beta
distribution of first kind, Weibull distribution and Burr type XII distribution. In the
present study we have followed the models proposed by Charles et al. [9] and have
solved them using Differential Evolution algorithm.

The rest of the paper is organized as follows: Section 2 briefly describes the classi-
cal DE, LDE1 and LDE2 algorithms. The problem definition is given in section 3. In
section 4; the experimental settings and numerical results are discussed. Finally the
paper concludes with section 5.

2 Differential Evolution Algorithms

2.1 Classical Differential Evolution (DE)

Differential Evolution [10] is a population based metaheuristics that has been consis-
tently ranked as one of the best search algorithm for solving benchmark as well as real
life problems in several case studies.

A general DE variant may be denoted as DE/X/Y/Z, where X denotes the vector to
be mutated, Y specifies the number of difference vectors used and Z specifies the
crossover scheme which may be binomial (bin) or exponential (exp). Throughout the
study we shall consider the mutation strategy DE/rand/1/bin [10] which is perhaps the
most frequently used version of DE.

For a D-dimensional search space, each target vector X; , , a mutant vector is gen-

g b
erated by

v xrl,g+F*(xr2,g_’xr3,g) (1)

igHl
where 1,,7,,1; € {1,2,...., NP} are randomly chosen integers, must be different from
each other and also different from the running index i. F (>0) is a scaling factor which

controls the amplification of the differential evolution (X, )Cr2 , g). In order to in-

£
2
crease the diversity of the perturbed parameter vectors, crossover is introduced. The

parent vector is mixed with the mutated vector to produce a trial vector u

Ji,g+l >
Vi if rand, <C, v j=k
u.. = . 2
et otherwise
Jii,g+1
where j =1, 2,...... , D; rand j€ [0,1]; CR is the crossover constant takes values in

the range [0, 1] and j,,,; € (12,.....,D) is the randomly chosen index.

The final phase of DE algorithm is selection. Here the population for the next gen-
eration is selected from the individual in current population and its corresponding trial
vector according to the following rule:
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Thus, each individual of the advance (trial) population is compared with its counter-
part in the current population. The one with the lower objective function value will
survive from the tournament selection to the population of the next generation. As a

result, all the individuals of the next generation are as good as or better than their
counterparts in the current generation.

2.2 Laplace Differential Evolution (LDE)

The LDE algorithms are proposed by Thangaraj et al. [11]. These algorithms differ
from the classical DE in the mutation phase in a twofold manner. These schemes
make use the absolute weighted difference between the two vector points in place of
the usual vector difference as in classical DE and secondly, in LDE schemes amplifi-
cation factor, F (of the usual DE), is replaced by L, a random variable following
Laplace distribution.

The mutation schemes of LDE1 and LDE2 algorithms are defined as follows:

2.2.1 LDEI1 Scheme

X |

Viig+l = Xpest,g +LF1 X T,
8 4 2-8 4)

n.g
In LDEI scheme, the base vector is the one having the best fitness function value;
whereas the other two individuals are randomly selected.

2.2.2 LDE2 Scheme

If (U0,1) < 0.5) then Vi g+1 = Xpest, g +L*| x X |

n.8§ ~ 'n.§

Else v; =x, ,+F*(x, ,—x
Lgtl =g ( ry8 r3,g)

In LDE2 scheme, mutant vector using equation (4) and the basic mutant vector equa-
tion are applied probabilistically using a predefined value. A random variable follow-
ing normal distribution U(0,1) is generated. If it is less than 0.5 then LDE1 scheme is
applied otherwise Eqn. (1) is applied.

Both the modified versions, LDE1 and LDE2 have reportedly given good perform-
ances for solving benchmark as well as real life problems [11].

3 Problem Definition
Mathematical model of a constrained MOSLP may be given as [9]:

n
Maximize z; = ZC];)Cj ,k=12,..,K
Jj=1

ny

n n n
Subject to P| Zaljxj <b, Zazjxj <b,,.., Za x;<b, |Zp S Xj >20,j=12,..,n
J=1 Jj=1 Jj=1
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Where 0 < p < 1 is usually close to 1. It has been assumed that the parameters a; and ¢;
are deterministic constants and b; are random variables. For more details the interested
reader may please refer to [9]. In the present study, we have considered the two test
problems which are used in [9]. These problems are multi-objective stochastic linear
programming problems involving random variables following different distributions.

Test problem 1: MOSLP1:

Maximize z; =5x; +6x, +3x3, Maximize z, =6x; +3xy +5x3,

Maximize 7z =2x +5x5 +8x3

Subject to

PBx) +2x7 +2x3 <b;) 2090, P(2x; +8xy +5x3 <by) 20.98

P(5x; +3x5 +2x3 <b3)20.95, P(0.5x; +0.5x5 +0.25x3 < b4) =20.90

PBxy +3xy +4x3 <b5) 2099, x1,x5,x3 20

Here, b, follow Power Function distribution, b, follow Pareto distribution, b; follow

Beta distribution, b, follow Weibull distribution; bs follow Burr type XII distribution.
The problem is converted to deterministic model as follows:

Maximize 7 =4 (5x1 +6x5 +3x3)+ Ay (6x] +3x5 +5x3) +A43(2x) + 5x5 +8x3)

Subject to
3x1 4+ 2xy +2x3 £6.3096, 2x; +8x5 +5x3 <8.0812, 5x; +3x, +2x3 <4.7115,

0.5x; +0.5x5 +0.25x3 <0.9379, 8x; +3xy +4x3 <10.0321, A + 4y + 4 =1
X1,%9,%3, 44,40, 43 20

Test problem 2: MOSLP2:

Maximize 7y =3x;+8x5 +5x3, Maximize z, =7x; +4x5 +3x3

Maximize z3 = 6x) +7xy +10.5x;

Subject to

P(5x; +4xy+2x3 b)) 2095, P(7x1+3xy +x3<by)20.95

P(2X1 + 7.X'2 + 3.X'3 < b3) >0.95 5 P(2X1 + 3.X'2 + 2.5.?6'3 < b4) >0.95

P(5x; +2x5 +1.5x5<b5)=0.95, x;,x5,x320

Here b, follow Power Function distribution; b, follow Pareto distribution; b; follow
Beta distribution of first kind; b, follow Weibull distribution and bs follow Burr type
XII distribution. The deterministic model of the problem is given as:

Maximize z = 4 (3x) +8x5 +5x3) + Ay (Tx) +4xy +3x3) +A43(6x) +7xp +10.5x3)
Subject to

2 2 _ 2y4 2
L Y2 2100 |:y3 5:| e - 1 3y5 . >0.95
O] v 10 ] e [ 143ys
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Sxp+4xy +2x35 =y, Tx;+3x3+x3=y5, 2x;+7xy +3x3 =y3,
2X1+3.X'2 +2.5)C3:y4, 5X1+2)C2 +1.5X3:y5, ﬂl"'//ig +ﬂ3 =1
X15X2, X3, V15 Y25 Y35 Yas V5. A1, Aps A3 20

4 Experimental Settings and Numerical Results

4.1 Parameter Settings

DE has three main control parameters; population size, crossover rate Cr and Scaling
factor F which are fixed as 50, 0. 5 and 0.5 respectively. For LDE schemes the scaling
factor is a random variable, L, following Laplace distribution. For each algorithm, the
stopping criterion is to terminate the search process when the maximum number of
generations is reached (assumed 1000 generations). Constraints are handled according
to the approach based on repair methods suggested in [12]. A total of 50 runs for each
experimental setting were conducted and the best solution throughout the run was re-
corded as global optimum. Results obtained by basic DE and LDE versions are also
compared with previously quoted results [9].

4.2 Numerical Results

We have considered four test cases in each of the test problems.
Since, ﬂ1 + /7.2 + /7.3 =1, oneof 4, i=1, 2,3 could be eliminated to reduce the num-

ber of dependent variables from the expression of objective function. So, we assigned
equal weights to two terms at a time in the objective expression. The resultant test
cases are as follows:

. 1-W .. —

) 4 =W =dy =" 0<Ws1 (D) 3, =w.3 -4 =%,Oswsl

) Ja=W. A =4 =——0<w<1 Qv , , an are dependent variables.

R Ay Ay and A, are depend bl
2

The numerical results of the given two test problems MOSLP1 and MOSLP2 are re-
corded in Tables 1 and 2 respectively. The best solution obtained by DE and LDE al-
gorithms for MOSLP1 in terms of optimal decision variable values and objective
function value are given in Table 1. For the test case (i), the performance of LDEI is
better than all the other algorithms. For the remaining 3 test cases, LDE2 performs
better than other compared algorithms. If we compare the LDE algorithms with clas-
sical DE algorithm then from the numerical results we can see that LDE algorithms
are superior with classical DE algorithm. There is an improvement of 52% in objec-
tive function value when the problem is solved by LDE2 in comparison with the
quoted result [9], where the problem is solved by Genetic Algorithm. The results of
test problem MOSLP2 are given in Table 2. From this table also we can see that
LDE2 algorithm is superior with others in all the test cases. The improvement of
LDE2 algorithm in comparison with the results in the literature is 141%. Figure 1
shows the performance of DE and LDE algorithms in terms of objective function
value.
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Table 1. Results of MOSLP1
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DE | LDEI | LDE2 | GA [9]
M=W,M=h=1-W)2,0sW<1
z 10.9905 10.997 10.996
X 0.349128 0.351905 0.35171 RO
X2 0 0 0
X 1.47618 1.47538 1.47539
A= W, A= A= (1-W)/2,0<W<1
z 9.48974 9.48975 9.48975
X 0.35214 0.35215 0.352142
X2 0 0 0 ~NA-
X 1.47538 1.47537 1.47538
A=W, M=h=(1-W)/2,0sW<1
z 12.9277 12.9288 12.9292
X 0 0 0
X 0 0 0 ~NA--
X 1.61611 1.61612 1.61617
Problem described as in [9]
z 9.48978 11.3988 12.9299 8.5089
X 0.352147 0.334378 0 0.3727
X2 2.12479¢-007 0.00514505 0 0.2319
X 1.47538 1.47426 1.61624 1.0761
Table 2. Results of MOSLP2
DE | LDEI | LDE2 | GA [9]
X1= W, X1= Aa: (I-W)/Z, 0 S W S 1
z 5.5452 6.3844 6.86328
X 0.170342 0.275175 0.297729
X2 0.0367932 0.0654974 0.00485206
X 0.759151 0.627495 0.726168
Vi 2.5158 2.89285 2.96039 ~-NA--
¥ 2.06291 27502 2.82483
Vs 2.862 2.89131 2.80793
Vs 2.36484 2.31558 2.42544
ys 2.06754 244811 2.5876
A=W, h=h=(1-W)/2,0sW<1
z 5.3215 7.01255 7.72732
X; 0.170342 0.12258 0
X2 0.0367932 0.0575791 0.00166162 NA-
X3 0.759151 0.777962 0.995503
Vi 25158 239914 1.99765
¥ 2.06291 1.80875 1.00048
Vs 2.862 2.98209 2.99814
Va 2.36484 2.36281 249374
ys 2.06754 1.895 1.49658
A= W, A= A= (1-W)/2,0<SW<1
z 6.60213 9.3271 10.4638
X 0.170342 0.126015 0
X, 0.0367932 0 0.00166304
X3 0.759151 0.816303 0.995504 ~-NA--
yi 2.5158 226268 1.99765
Vs 2.06291 1.69841 1.00049
Vs 2.862 2.70093 2.99815
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Table 2. (continued)
Y4 2.36484 2.29278 2.49374
Vs 2.06754 1.85453 1.49659
Problem described as in [9]
Z 6.87235 7.13425 7.73912 3.2081
X 2.65138e-006 0.000944931 0.000308158 0.1939
Xa 0.000127494 0.061029 0.127573 0.2810
X3 0.664552 0.738963 0.688939 0.1968
Yi 1.32963 1.72678 1.88971 2.4872
Y2 0.664947 0.928675 1.07383 2.3971
V3 1.99454 2.64598 2.96046 2.9454
Y4 1.66177 2.03239 2.10569 1.7229
Ys 0.9971 1.0 1.0 1.8267
14

o 12 B MOSLP1
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Fig. 1. Performance of DE and LDE algorithms in terms of objective function value

5 Conclusion

The Stochastic Programming is an optimization technique in which the constraints
and/or the objective function of an optimization problem contains certain random
variables following different probability distributions. In the present study DE and
two of its recent variants LDE1 and LDE2 are used to solve two constrained multiob-
jective stochastic linear programming problems. Four test cases were considered with
respect to the weighing factors and the results were produced in terms of objective
function value and decision variable values. From the experimental results it was ob-
served that the DE algorithm and its variants significantly improve the quality of solu-
tion of the considered problems in comparison with the quoted results in the literature.
As expected the modified versions LDE1 and LDE2 performed better than the basic
version of DE because of the presence of the Laplace mutation operator. In conclu-
sion we can say that DE’s present an attractive option for solving stochastic pro-
gramming problems.
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